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Abstract

This paper concerns on the travelling waves phenomenon mod-
elled on crowded environments. Here, we used the Fractional Reac-
tion Diffusion Partial Differential Equations (FRDPDESs) to get the
results. We applied our model to a real biological problem known
as Hirschsprung’s disease. By applying our model for modelling the
Hirschsprung’s disease, allowing us to establish an interesting result
for the mobility of the cellular processes under crowded environments.
This model also help us to understand the potential action of Hirschsprungs’s
Disease which is linked to neural crest cells migration.
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1 Introduction

The identification and analysis of travelling waves in chemical reactions was
first reported by Luther [1] and since then researchers have been captivated
by the existence of wave phenomena exhibited in chemical and biological sys-
tems. Thirty years after Luther’s result, Fisher analysed in detail reaction-
diffusion waves for modelling the spatial spread of favoured genes in a pop-
ulation [2]. Later, Semenov described cool flames in combustion, proposed
a model containing cubic non-linearity and developed an analytical form for
the front velocity. Travelling waves in system biology was also described by
Fall et al. [3] and Murray [4].

Much work has recently been done on developing numerical methods to
describe travelling waves. Gubernov et al. [5] consider shooting and relax-
ation methods to investigate propagating waves in solutions of reaction dif-
fusion equations. Landman et al. [6, 7] have written a number of papers
describing cell migration by diffusion and chemotaxis using phase plane and
the perturbation technique. Mendez et al. [9] studied reaction diffusion equa-
tions in heterogeneous media and derived analytic expressions for the speed
of front based on perturbation and Hamilton-Jacobi methods. Agrawal [10]
presents a finite sine and Laplace transforms methods for fractional diffusion
wave equations defined in a bounded space domain.

Based on recent progress and published literature in areas such as genetic
sequencing and microscopy and also advances in scientific method, it shows
that cell membrane possesses a highly complex structure [11]. Therefore, how
is diffusion and chemical kinetics wave affected due to the crowdedness in the
biological media? In this paper, we have provided models for enabling the use
of fractional derivatives models for modelling dynamical processes on living
cell. In particular, we considered the class of continuous spatial modelling to
portray the diffusion wave behaviour in complex environments. This work
uses fractional order differential equations (FDEs) in one dimensional systems
with varying obstacle densities as a tool to model chemical reactions within
constrained environments.

This paper is organized as follows. In the next section, the model of
fractional differential equation will be introduced. Then, we proceed with
the numerical experiments based on Hirschsprung’s Disease in section 3. The
results of the experiments will be displayed in section 3.2 and summary will
be presented at the end of the section.



2 Numerical Method
Consider the fractional differential equation of the form
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where 0 < a < 1. D}~ denotes the Riemann-Liouville fractional derivative
of the function f, defined by [14]
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Here I'(«) is the Gamma function defined by
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The Caputo fractional derivative is given by
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If f(¢) is continuous and f'(¢) is integrable in the interval [0, 7], then for
every 0 < a < 1 the Riemann-Liouville and the Caputo fractional derivatives
satisfy the following relation [14]
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A number of authors, for example Ford et al. [15], consider the numerical
solution of so-called Caputo FDEs that take the form

Day(t) = fy(t),

but we prefer the form (1) as it is more naturally allied to problems in
systems biology arising from the anomalous diffusion and chemical kinetics
of molecular species in a crowded environment [16, 17].

To solve problem (1), we consider a numerical method, namely the frac-
tional Trapezoidal method written as

s = v+ 2D (F ) + Fo)) + 5 (0 + 90m). )
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3 Case Study:Modelling Hirschsprung’s Dis-
ease

In this section, we investigate the travelling waves phenomenon with respect
to a common developmental disorder problem, known as Hirschsprung’s Dis-
ease. More details related to Hirschsprung’s Diseases can be found on [18,
19, 20].

3.1 Numerical experiments

The model was used by Simpson et al. [8] in a non-growing gut system and
later Landman et al. [12] extends the system by including the gut growth to
the existing system.

The one-dimensional donor-host system as a fractional equation, is given
as
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where D and H are the donor and host cell types densities in space and time.
Here, = represent the invasion axis or the position along the gut, Kp, Kg
are the diffusivities of the donor and host cell types and op, og represent the
mitotic indices for the donor and host cell types respectively. C'is a carrying
capacity density of the tissue and v represent the velocity field associated
with the growth of the gut.

If we set v = 0, then (6) is written as
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The functions f(D(z,t), H(z,t)) and g(D(x,t),H(z,t)) or f(D,H) and
g(D, H) represent the effects of chemical reactions and are
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We apply no-flux boundary conditions which can be written as

D(L +1,t) = D(L,¢); D(—1,) = D(0,?); 8)
H(L+1,¢) = H(L,t); H(-1,t) = H(0,t).

To solve (7) numerically, we divide the interval into m equal parts. We
restrict our computations to a finite interval given as 0 < xz < m. As t is

not discretized, the grid comprises the x values at which the solution is to
be found and is given as x; = iAz; 1 =0,1,2,...,m; Az = % and

Dyi1(t) = Din(t); D_y1(t) = Do(); (9)
Hii1(t) = Hn(t); H_i(t) = Ho(t).

We denote

Di(t) = D(z;,t), H;(t) =~ H(x;,1).

By discretizing %27]3 and %2721 from (7) using the method of lines, we get
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Using (10), we now arrive at the system of FDEs for equations (6)
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where the discretisation matrix J is defined by
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and the vectors U and H are defined by
U = [Do(t),Dl(t),...,...,Dm(t)|H0(t),H1(t),...,...,Hm(t)]T,
H = [aafo(t),aafl(t),...,...,Uafm(t)|abgo(t),abgl(t),...,...,abgm(t)]T.(l?))

In the simulations, we plot the donor and host cells populations at dif-
ferent time points t = 0, 50, 300, 800 and the length of the axis L = 100um.
Parameter L represents the invasion axis or the gut length.

3.2 Results

Here, we want to see the progress of these cells at different time scale in
normal and anomalous diffusion. We illustrate the results with different o
parameters. These simulations able to relate with the rostro-caudal (left to
right) or caudal-rostro(right to left) progression wave during cell invasion
on a growing gut. The initial conditions of these simulations are based on
three conditions. These conditions were constructed to establish details of
the rules of migration of the rostro-caudal wave of the NC cells. By these
results, several important behaviour regarding the nature of NC cells invasion
wave in crowded environments can be answered.
The first initial conditions

1.8, 40 pm < x <65 pm,
D(z,0) = { 0, elsewhere.

1.4, 30 um <z <70 pum,
0, elsewhere.



Second initial conditions

DY 1.2, 90 pm <z <95 pum,
’ 0, elsewhere.

H 0, elsewhere.

Third inital conditions.

1.3, 80 um <z <90 pum,

0, elsewhere.

:1:0):{
(:c,O):{ 0.2, 0pm <z <70 pum,
D(:c,O):{

_J 0.75, 60 pm <z <80 pm,
H(z,0) = { 0, elsewhere.

Parameters used for the simulations are o, = 2.25, 0, = 04, and K, =
0.25, K = K,. Numerical results based on these three initial conditions are
shown in Figure (1), Figure (2) and Figure (3).

For Figure (1), the donor cells were placed into the host cells region or
behind the host cells wavefront. Initially, the donor cells densities are at 1.8
and host cells are 1.4. Note that the gut carrying capacity density is 1. First,
we discuss the variation of behaviour at « = 1. We see that the cells at the
donor-host interface are above the limit of gut carrying capacity. At t = 50,
these donor cells do not proliferate but spread in either side of the donor-host
interface. Meanwhile, host cells at the donor-host interface also not able to
proliferate. Some donor and host cells migrated into the uninvaded region
on either side of the donor-host interface. Both cells which are still at the
donor-host interface ceased until they have achieved the carrying capacity
density. The host cells which move on either side of the donor-host interface
will proliferate to reach carrying capacity. Meanwhile, some donor cells which
are moving on either side of the donor-host interface cease.

In the constrained environments, we see that both cells have slowed their
movements due to increases in obstacles. At ¢ = 50, some of the host cells
which are moving to uninvaded region on either side of donor-host interface
are slower to proliferate and still not reaching the carrying capacity density.
After some times ¢ > 300, then we can see the host cells at either side of
the donor-host interface are able to reach the carrying capacity density. The
effect of crowdedness is getting more severe, for instance at a = 0.5, because
during this time, the migration and proliferation of donor and host cells are
slowing down. The process of spreading to either side of donor-host interface
by donor cells also slows and needs longer time frames.
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Figure 1: Simulation of donor (dotted) and host (solid) cell types with dif-
ferent o parameters at ¢t = 0,50,300 and ¢ = 800 based on the first initial
condition.

Figure (2) investigates the effect of locating the donor cell in a region of
unoccupied tissue. In this case, the cells from the donor tissue migrate in
both rostral and caudal directions. At ¢t = 50, we see that once the rostrally
moving donor wave and caudally moving host wave travel towards each other,
the waves coalesce. After coalescence, the cells at the donor-host interface
cease proliferation since the total cell density is already reaching the capacity
density. Looking at the behaviour of these cells in crowded environments,
we see that the presence of obstacles have obstructed the movement of both
cells to move rostrally and caudally. The time for each cells to coalesce is
also slowing down. The slowing down of these cells is getting more severe
when o = 0.5.

In Figure (3), the donor cells were located at the front of the host cells
leading edge. The behaviour of these cells are much similar to the results
in Figure (2). Describing the system during normal diffusion, we see that
donor cells form an invasion wave moving in both directions. As the donor
cells migrate caudally, the host cells also migrate rostrally. These cells will
invade until coalesce. After coalescence, cells at donor-host interface will
cease proliferation in order to control gut carrying capacity. At t=800, we
see that both cells mingling by diffusion resulting in a much slower rate of
advance. As we increase the level of crowdedness in the system, obstacles
scattered around the unoccupied area have impeded the migration of donor
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Figure 2: Mathematical simulation of donor (dotted) and host (solid) cell
types with different o parameters at t = 0,50, 300 and t = 800 based on the
second initial condition.

and host cells. Both cells also need longer time frame before can invade each
other.

4 Summary

In these numerical results, based on Figures (2) and (3), we can conclude
that if the host Neural Crest derived cells and donor Neural Crest derived
cells migrate in an opposite direction, both of these cells vanguards might
impede with each other [13]. Another important results derived from these
experiments is that at the donor-host interface, neither donor nor host neural
crest cells proliferate once the total density reached maximum capacity. All
results confirmed that immobile structures and barriers have caused the dif-
fusion and proliferation of NC cells to slow down and sometimes the processes
halt. Therefore the growing gut is not able to fully colonize within a spe-
cific time frame which has resulted in the syndrome such as Hirschsprung’s
Disease.
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