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Abstract

The Immersed Interface Method can approximate the exact solu-
tion one dimensional two channels dissipation model in heterogeneous
media. The method obtained two kinds continuous solution that: den-
sity and flux. The idea of the standard scheme Lax-Wendroff is used
for regular grids, but the immersed interface methods is applied on a
set of modified values deduced from numerical values and from jump
conditions on interfaces. Numerical examples show that we can com-
pute solutions to these equations with second order accuracy. The
purpose of this paper is to investigate the convergence of the im-
mersed interface method for two channels dissipation model with dis-
continue constants velocity. We analyze the stability using generalized
Von Neumann analysis and the convergence of the method using Lax
Equivalence Theorem.
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1 Introduction

In this paper let us consider u(z,t) and v(x,t) that depend on single spatial
variable x and time ¢ > 0. We assume that u(x,t) and v(z,t) are densi-
ties or concentrations measured in amount per unit volume that flow with
speeds that are piecewise constants ¢;(x) and co(x) respectively. Two groups
of quantity have interactions, and then van Beckum (2003) arrived at the
following set of equations for the concentrations u(x,t) in the first group and
v(x,t) in the second group:

P b)) — oot t) ~ ute0) )
ov(z,t) ov(z,t)
1) 4 es@ 288D _ outant) = ofa.t) @)

The constant « is the coefficient of exchanging concentrations.
The initial values the system given by

u(z,0) = f(z) (3)
v(z,0) = g(x) (4)

The approximation of the classical solution equations (1)-(4) that have bound-
ary conditions has been investigated [3] by using finite difference method
in case ¢;(z) = —co(x). Sumardi (2006) has solved the exact solution by
Fourier transform in case ¢1(x) and c¢y(z) constant, and Sumardi(2008) also
have solved by difference ways. Now we would like to present in case the
heterogeneous media with interface . The velocities that change at x = ( in
the interface are written:

toifr >3 cy ifz>p

c
Cl(x):{ci_ ife<p ’62(1:):{02_ ife<p

The immersed interface method (IIM) has been developed recently by
Leveque and Li (1994) to solve interface problem in which the differential
equations have discontinuities and singularities in the coefficients and solu-
tions. Zhang (1998) also used IIM for acoustic wave equations with discon-
tinuities coefficients. Sumardi (2007) also applied the IIM for two scalar
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transport-dissipation model and two channels dissipation model with discon-
tinue constants velocity. Here we investigate the convergence of the algo-
rithms.

2 The explicit scheme for two channels dissi-
pation model

We applied the Immersed Interface Method for two channels dissipation
model. To solve this problem (1)-(4) let

o= (e ) o= (78 )= (0 )

This yields a system of first order equations
Ui+ CU, = AU (5)

Here U represent some physical quantities, C' are the speeds of the transport,
with some jump condition specified at x = . The jump condition will depend
on the physical problem. The first we can impose the flux CU should be
continuous that is, the number of item crossing at the interface per unit time
must be the same on both sides, and therefore we have jump conditions:

[CU] =0 or [ciu] =0, [cav] =0 (6)

The others are that the quantities U(x,t) should be continuous, so the jump
conditions are:

[U]=0or [u] =0,[v] =0 (7)

To solve this problem by the Immersed Interface method, we need finite
difference method approximation for regular grids.

To get second order accuracy for regular grids, it is used the idea of the
Lax-Wendroff method that is based on the Taylor method series expansion.
We discretize the z — t plane by choosing a mesh width A = Az and a time
step k = At and define discrete mesh points (z;,t,) by:

l‘]:jh7 ]: 0717277N
t,=nk, n= 0,1,2,---

For simplicity we take a uniform mesh, with h and k constant, although
most of the methods discussed can be extended to variable meshes. Sumardi



(2007) have given the schema:

Un

J

2 h?

k‘2A2 k,2 2
Ut = <I+l<:A+ C)

N kC N k2(AC + CA) N k202 -
2h 4h o2h2 i-1
kC KX AC +CA)  k*C?\
o m o2 ) Yin (8)

This valid for all the regular points, i.e. those for which a discontinuous point
do not lie the interval of the 3-points stencil. Now consider the two irregular
point J and J + 1, with

Ty < B <154

i.e., (3 is the interface location in between of points x; and x;41.

We will assume that 3 is not exactly green point, but lies strictly be-
tween points x; and x ;1. Then the Taylor series expansion is still valid,
the solution is smooth in both z and ¢ at every grid point, every those near
the interface. The problem comes in approximating U, and U,, by difference
formulas that uses values of U lying both sides of the interface. However,
by taking into account the jumps in U and its derivatives at 3, it is possi-
ble to possible to find linear combinations of grid values that give accurate
approximation to the derivatives at grid points.

Rather than deriving expressions for U, and U,, separately, it is easiest
to define three points schema of the form

k
urtt = Uy + 7 (CoaUj 1 + LU +TsUj)

k
Uy = Ui+ 7 (Cyr11U7 0 + Dyga2Ufq + Dyga 3U7) 9)

Here U is a vector variable and I'’s are 2 x 2 matrices, we want to choose the
[’s to get second order accuracy. Sumardi(2007) got at J from a system of
matrix equation:

1
Bl yr + B2l y2B13D1'y3 = hA+ §hkA2

k
Borl'j1 + ool jofosDil'y3 = (x5 —pF)A-C™ — 5(1407 +C™A)

Ty — k
Ba1l' g1 + Bs2l' j2Bs3 D11 y3 = —20% + E(ny

where

—1
By = (W) Q=123 (10)
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and

a4
D= _|i=123 (11)
0 —=
C2
for jump conditions [CU] = 0,
cy i1
CHG
D= i=1,23 (12)
0 —=
€2

for jump conditions [U] = 0.
Similarly I' at the point z;,;, we obtain the linear equations

. « o 1
Bul' i1 + Bl yp126i3D1 13 = hA+ §hk‘A2

. R R k
Bl g1+ Bl yi10003D1 T s = (vg41 — B)A-CT — §(A0+ + CtA)

(741 — B)

. R R k
Bs1l 11 + B3l yi12053D1 013 = —207 n +E(O+)2

where

h
and D; are computed as (11) and (12).

1—1
Bij _ (W) ii=1,2,3 (13)

3 Numerical Result

Here we will show two examples. Figure 1 gives the numerical solution to
the two channels dissipation model with jump [U] = 0(left) and [CU] = 0
(right) at g = g, at =1, at t = 0,t = 0.15,¢t = 0.30 and ¢t = 0.40. The
initial data are three humps given by

08 .
0 otherwise

v(z,0) = 0.5

1 (z=0.28)7
u(z,0) = { 2(1 + cos( ) 0.04 <z <0.52

Figure 1 gives the solutions on grid size h = ﬁ and £ = 0.001. After
reaching the interface, the wave speed changes accordingly on the other sides.
For the case of the jump conditions [U] = 0, the solutions of u(x,t) is contin-

uous. The magnitude of u(z,t) is not changed by the change of speed at the
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Figure 1: Numerical solution the two channels dissipation model with jump
[U]=0(left) and [CU]=0(right) at 5 = 5/9, at « = 1, at t = 0,0.1,0.15,0.3
and t =0.4



interface, but the wave length of u(x,t) is changed by the change of speed at
in the interface. The magnitude is changed by the term of dissipative u(x,t)
and v(z,t). The solution of v(x,t) is also continuous and occurs three humps
from the term of in the second equation of two channels dissipation model.

For the case of the jump conditions [CU] = 0, the solution of u(x,t) is
not continuous at the interface. The magnitude of u(x,t) is changed by the
change of speed at the interface, and the wave length is also changed by the
change of speed at the interface. The magnitude is also changed by the term
of dissipative. The solution of v(z,t) is not continuous at the interface and
occurs three humps from the term of u(xz,?) in the second equation of two
channels dissipation model.

4 Theory of the Convergence and the Stabil-
ity

In this section, we consider Cauchy problem in the space [0, L] C R and time
t ranges on an interval, typically [0,7]. A constant-coefficient first-order
system is determined by matrix C' and B given in My(R), where is the size
of the system. Then the Cauchy problem consists in finding solution U(z,t)
of initial value problem:

oU (z,t) oU (z,t)
P =C e + BU(x,t)
U(x,0) = Up(x), x €[0,L] x[0,T] (14)

The next definition gives the meaning of a solution of the problem (14).

Definition 4.1 A function U : [0, L] x [0,T] — R is a solution of the
initial value problem (14) if U(z,t) is a continuously differentiable and when
substitute into (14) reduces (16) into identity on domain [0, L] x [0,T].

Definition 4.2 For on complex M-dimensional vectors u = (ug, uq, ug, - ,
up) € RMT and v = (vo, v1, v, -+ ,vp) € RMTL we define inner product
and norm:

M
1
<Uv>= o j;oujvj, lu|| = V< u,u> (15)

where the overbar denotes the complex conjugate. Let function f and g de-
fined on D C R, we define inner product and norm:

<fo>=5p [ I@e@ds.  1AI=V<ETE o)
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and operator T' on Hilbert Space , we defined norm.:

7)) = sup 12

=#0 |z
Definition 4.3 The initial value problem (14) is well-posed if forU, €
C([0, L]), there is a unique solution U € {C([0,L] x [0,T])}" and the
solution depends continuously on the initial value : There exists a constant
co > 0 such that U(z,t) and U(x,t) are the solutions for the initial values
Uo, UO S Cl([O,L]), then

(17)

sup ||U(x,t) — Uz, t)|| < col|Uo — Uo||. (18)

0<t<T

Proposition 4.1 Assume the problem (14) is well-posed and the solution is
denoted as

U(z,t) = S(t)Uo, Uy € {CH(R)}Y (19)

Then the solution operator S(t) for any t is a linear operator.

Now we introduce a finite difference method defined by one-parameter fam-
ily of uniformly bounded linear operators on grid function set RM*1 =
{(u07u17u27 e 7uM)|uj € RJJ = 07 1727' o JM}:

C(At) : RM*! — RM*L 0 < At < Aty. (20)

Definition 4.4 The finite difference method is the approximate exact
solution U(jAx,nAt) = S(jAz,nAt)Uy(jAz) of the problem (14) that is
defined by

Ci(ANUr = > CLUT,
s€l;
Uttt = O(AHU™ = (Co(AYUY, CLUT, - - -, Cru(AHUY,)
c(AnuU™ = oan"u®  j=0,1,2,---,M
vt = (up,ur,uR,---UY) n=0,1,2,3,---
u?l
u}g

Ur —

J

e RN (21)

n

Definition 4.5 The finite difference method (21) is consistency for the
corresponding solution U(z,t) of the initial value problem (14) if

, 1
a0 157 (C(ANU (z,) = Ulz,t + At))|| =0 (22)



Definition 4.6 The finite difference method (21) is convergent if for any
fized t € [0,T], any ug € V, we have

lim [[C(At;)"Uy — S(t)Uoll = 0 (23)

At;—0

where n; is sequence of integer and At; a sequence of step time sizes such

that

Definition 4.7 The finite difference method (21) is stable if the operator
{C(A)"]0 < At < Atg,nAt < T} (24)

are uniformly bounded; i.e., there exists a constant My > 0 such that

IC(AD"| < My Yn:nAt<T VAt < At (25)

We now give the main result theorem of convergence analysis:

Theorem 4.1 (Lax Equivalence theorem) Suppose the initial value prob-
lem (14) is well-posed. For a consistency finite difference method (21), sta-
bility is equivalent to convergence.

Theorem 4.2 Assuming that M is even, we define the vectors

w(k) = (w(()k)vw§k)7 7w§\l/€I))7
M M
]{;:__7... 70717... , —
2 2

as the values of continuous exponential evaluated at discrete points:

(k) 2rjkAx

w; =e L (26)

Then

1. The vector w® form a complete orthonormal basis with respect to the
inner product (15)

(k) __ _iso, (k) __ 2nwkAx
Q.wj+s—e w;, 0 = =%



Let U some vector that defined

U = (U07U17U27"'7UM>

Uj1
Ui
U, = " lery

ujN

U can then expanded in terms of the w™®) so

where

< Ujo2, w®) >

< U;nN, w® >

We also have
|U|I> = Z | B ||
kf_i

Then evaluate the operator C'(At)U, so we have

C(AU = C(At) Y Buw®
=—2M

sely sely

k=—M 2 selp sely

10

- Z By, (ZCOst ,ZClst_s,..
- Z By, (Z COsezsewo ;ZC Sezsgwl e Z Cur,

,cM(At)w§§>)

E : CM SwMJrs

selp

s€ln

)

(27)

(28)

zs@ )



Here we define the coefficients G;(Az, At,0) = > C; €™ and called am-
plification matrix at point j.

Theorem 4.3 The finite difference method (21) is stable if only if there exist
positive constants K, hg, ko such that

|G (Az, AL, 0)|| <14 KAt V5 =0,1,---, M, (30)

for all 0 < At < ko,0 < Az < hg,—5 <0< 7.

Proof:

lc(anu]®

IN

M
> o0 (3 el
k=—2 s€lp s€ly
% 2
> B, <(1 + KAOwWS - (1 + KAt)@’?)
=5
% 2
Z By, <(1 + KAt)(w(()k)’ T 7w§\?>>
k=—M
2
M 2
2
> Buaw®| (14 KAt)?
=4
B
> B+ KAL)
k=—»M

2

|U]12(1 + KAt)?

Then we have ||C(AH)U|| < ||U||(1 + KAt) and ||[C(A?)| < (1 + KAt).

[C(AD" ]| < (14 KAL)"™ < eKnat = KT (31)

Therefore the operator

{C(ADM0 < At < Atg,nAt < T} (32)

are uniformly bounded. Hence the finite difference (21) is stable.

11



Here to compute norm matrix ||G;(Az, At, 8)||, based paper Lax (1961),
we compute

|G, (Ax, At, 0)|| = max |\ji(Az, At,0)], (33)

where \;;(Az, At,0) all eigenvalues of matrix G;(Ax, At, ).

Theorem 4.4 (The Courant-Friedrichs-Levy Condition) A necessary
condition for stability of the explicit scheme (21) for the hyperbolic equation
initial value problem (14):

At
- 1= <
CFL max |>\Z|A;E <1 (34)

where \; all eigenvalues matriz C'.

5 The convergence of the IIM for two chan-
nels dissipation model

In this section we would prove the convergence of the immersed interfaced
method for two channels dissipation model in section 2 using theory in pre-
vious section. Using Lax Equivalence Theorem and von Neumann Condition
for Stability. The IIM schemas have second order accuracy in regular or ir-
regular points, so the method is consistency. By Lax Equivalence Theorem
if the method is stable then it is also convergence.

For stability the method, we only see the norm of amplification matrix
scheme (8) and (9). To compute the norm of amplification matrix we use
the equation (33). Using theorem 4.4 necessary condition for stability of two
channels dissipation model (1-4) depend on grid size k, h and velocities:

Fife >0 5 ifez>p

_Jla _J &
Cl(m)_{cf ifx<ﬁ’62(m)_{02_ ifex<p
that is k:
CFL = max{lct, ke |, |efl. ez & < 1. (39

For regular points we have scheme

ur

J

2 h?
kC  K*AC+CA) k*C*?
e I

k2A2 k,2 2
Ut = <I+/<:A+ C)

o T T 2h?
EC K*(AC+CA k2C? .

2h 4h 2h?
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we have amplification matrix at regular points j # J, J + 1

k2 A2 k202>

Gj(h.k,0) = (I+kA+ SR

(R K2(AC + CA) . A
oh 4h on2 )€

KC KXHAC+CA)  k2C?\

+ e’

2h 4h 2h?

— (@ + —kQ(AC il CA)) tsinf + <k202 cos 9)
h 2h h?
_ kCising N k*C?*(cosf — 1) k <kA2 N k(AC + C’A)isin@)
h h? 2 h
_ ;_ kCising k2C?2sin* & +k (kA2 k(AC + C’A)z‘sin@)

k% A* k;2C’2>

= 1

h 72 > * 2
Thus
kCisin®  k*C?2 Sian
h h?

kA?  k(AC + CA)ising
> T h

I

1G;(h. k,0)] =

(37)

N

Consider the first term on the right hand of equation (37), we obtain

2 2

kCisin®  k*C*2sin® ¢
- +
h h?

k20?22 sin? g

-

c 9 .9

kEC2 sin 5 sin 3
h

1

I

(38)

Because C is a diagonal matrix, so we have||l — C?||2 = 1 + [|C||* — 2||C?||
and ||C?|| = ||C||*>. Hence the equation (38) becomes
2 2
kC
1—||— 39
( s ) 39)

1Gi(h, k. 0)|| <1+kK,  j#JJ+1, (40)

kCisind  k*C*2sin® ¢ ’

I
T

0|k
= 1—4sin4§HTC

Using equatiaon(39), if CFL = H%H < 1, then
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Figure 2: Graph the norm amplification matrix at irregular points.
_ || kA2 k(AC+CA)ising
where K = ‘ St

To complete proving the convergence of the immersed interface method
in the section 3, we must prove

G (h b, O)| <1+ kK,  j=JJ+1, (41)

Analytically it is difficult to prove (41), so here we prove by plotting ||G;(h, k, 0)||
for 0 < CFL <1 at irregular point J and J 4+ 1 with jump condition [U] = 0
and [CU] = 0.

We see from the figure 2 that ||G,(h,k,0)|] < 1for 0 < CFL <1 at
irregular points J and J+1 with [U] = 0, so the IIM is convergent for[U] = 0
at the interface.

In case [CU] = 0 we see that |G;(h,k,0)|| < 1for 0 < CFL <1 at
irregular points J, but there exist 0 < CFL < 1 such that |G .1(h, &, 0)| >
1. From the graph we see that ||Gi1(h,k,0)| is linear with C'FL that is
linear with k, so ||G j41(h, k, 0)]| is also linear with k. Hence |G j11(h, k, 8)]] <
1+ kK ,K is positive gradient function ||G41(h, k,0)|| under k. So the IIM
is also convergent for [CU] = 0.
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