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Examplesof FourthOrderProblems

Bernoulli Beam (clamped)
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u(a) = u0(a) = 0 = u(b) = u0(b)

u = vertical displacement, f = vertical load density

E = Young's modulus, I = moment of inertia
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Examplesof FourthOrderProblems

Kirchhoff Plate (clamped)
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u = vertical displacement, f = vertical load density

E = Young's modulus, � = Poisson ratio

t = thickness of plate
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Examplesof FourthOrderProblems

Stokes Problem (2D)

� � � u + r p = f in 


r � u = 0 in 


u = 0 on @



 = a simply connected domain

u = �uid velocity, p = pressure
f = force density, � = viscosity
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Examplesof FourthOrderProblems

Strain Gradient Elasticity

� div � = f in 
 � Rd (d = 2; 3)

� = 2� � � (u ) + � [tr � � (u )]I

� � (u ) = (1 � 
 2�) � (u )

� (u ) =
1
2

(r + r T )u

u = displacement of an elastic material

� = stress, f = force density

� and � are the Lamé constants.

� (u ) = standard strain, � � (u ) = modi�ed strain


 is a parameter.
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Strain Gradient Elasticity

� div � = f in 
 � Rd (d = 2; 3)

� = 2� � � (u ) + � [tr � � (u )]I

� � (u ) = (1 � 
 2�) � (u )

� (u ) =
1
2

(r + r T )u


 = 0 : standard elasticity system


 6= 0 : fourth order system



Examplesof FourthOrderProblems

Strain Gradient Elasticity

� div � = f in 
 � Rd (d = 2; 3)

� = 2� � � (u ) + � [tr � � (u )]I

� � (u ) = (1 � 
 2�) � (u )

� (u ) =
1
2

(r + r T )u

This is a phenomenological theory for capturing the scale
effect and local localization due to non-homogeneity in the
microscopic level (Toupin, Koiter, Mindlin, ... in 1960s,
Fleck and Hutchinson, ... since 1990s).



Examplesof FourthOrderProblems

Cahn-Hilliard Equation of Phase Separation

@c
@t

= r � � (c)r (� (c) � � c) in 
 � (0; T)

plus initial and boundary conditions


 � Rd (d = 1; 2; 3)

c(x; t) = concentration of one of the two substances
being tracked (0 � c � 1)

� (c) = mobility

� (c) = derivative of the free energy



Examplesof FourthOrderProblems

Cahn-Hilliard Equation of Phase Separation

@c
@t

= r � � (c)r (� (c) � � c) in 
 � (0; T)

phase segregation of binary alloys

two-phase �uid �o w

image processing

self-assembly of nanovoids

planet formation



Examplesof FourthOrderProblems

Cahn-Hilliard Equation of Phase Separation

@c
@t

= r � � (c)r (� (c) � � c) in 
 � (0; T)

This can be solved numerically by an implicit time
discretization combined with the Newton-Raphson
scheme for a fourth order nonlinear problem at each
time step.
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Finite Element Method for the Bernoulli Beam
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Finite Element Method for the Bernoulli Beam

d4u
dx4

= f in (a;b)

u(a) = u0(a) = u(b) = u0(b) = 0
Z b

a
u00v00dx =

Z b

a
f v dx 8 v 2 H 2

0(a;b)

Find uh 2 Vh such that

Z b

a
u00

hv00dx =
Z b

a
f v dx 8 v 2 Vh

where Vh � H 2
0(
) is a space of piecewise polynomial

functions with respect to a partition of (a;b) of mesh size h.
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Finite Element Method for the Bernoulli Beam
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Finite Element Method for the Bernoulli Beam
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a
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Galerkin orthogonality
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Finite Element Method for the Bernoulli Beam

Z b

a
u00v00dx =

Z b

a
f v dx 8 v 2 H 2

0(a;b)

Z b

a
u00

hv00dx =
Z b

a
f v dx 8 v 2 Vh � H 2

0(a;b)

Z b

a
(u00� u00

h)v00dx = 0 8 v 2 Vh

Abstract Error Estimate

ku00� u00
hkL 2(a;b) = inf

v2 Vh

ku00� v00kL 2(a;b)

Among all the �nite element functions from Vh, uh provides
the best approximation of u in the L 2 norm of the second
order derivative.
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Finite Element Method for the Bernoulli Beam

Z b

a
u00v00dx =

Z b

a
f v dx 8 v 2 H 2

0(a;b)

Z b

a
u00

hv00dx =
Z b

a
f v dx 8 v 2 Vh � H 2

0(a;b)

Z b

a
(u00� u00

h)v00dx = 0 8 v 2 Vh

Abstract Error Estimate

ku00� u00
hkL 2(a;b) = inf

v2 Vh

ku00� v00kL 2(a;b)

It is then easy to derive a concrete error estimate in terms
of the mesh size h.
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polynomial functions that are C1 functions.
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function and its derivative speci�ed at the grid points of
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But the construction is much more complicated in 2D
or 3D.



Dif�culties

For Vh to be a subspace of H 2, the functions in Vh must
be C1 functions. In 1D it is easy to construct piecewise
polynomial functions that are C1 functions. But the
construction is much more complicated in 2D or 3D.

The resulting discrete problem is very ill conditioned
(condition number � O(h� 4) versus O(h� 2) for second
order problems) for small h and hence dif�cult to solve
numerically.



A ModelProblemin 2D

Find u 2 H 2
0(
) such that

a(u; v) = F (v) 8 v 2 H 2
0(
)

a(u; v) =
Z




�
D 2u : D 2v + � (x)r u � r v

�
dx

D 2u : D 2v def
=

2X

i;j =0

uxi x j vxi x j


 = polygonal domain in R2

� (x) = smooth nonnegative function on �


F 2 H � 2(
) = [H 2
0(
)] 0

a(u; v) = F (v) 8 v 2 H 2
0(
)
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� = 0 biharmonic problem



A ModelProblemin 2D

Find u 2 H 2
0(
) such that

a(u; v) = F (v) 8 v 2 H 2
0(
)

a(u; v) =
Z
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D 2u : D 2v + � (x)r u � r v
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@u
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= 0 on @


� > 0 scalar analog of strain gradient elasticity



A ModelProblemin 2D

Engel-Garikipati-Hughes-Larson-Mazzei-Taylor

Continuous/discontinuous �nite element approximations of
fourth order elliptic problems in structural and continuum
mechanics with applications to thin beams and plates, and
strain gradient elasticity

Comput. Methods Appl. Mech. Engrg. (2002)



Elliptic Regularity

Since @
 is not smooth, the solution of the model problem
has limited regularity even if

F (v) =
Z



f v dx

and f 2 C1 ( �
) .

The Shift Theorem fails in general for f 2 L 2(
) , i.e.,

f 2 L2(
) )= u 2 H 4(
)

There exists � 2 (1=2; 1] such that the Shift Theorem

holds for F 2 H � 2+ � (
) , i.e., the solution u of the model
problem belongs to H 2+ � (
) when F 2 H � 2+ � (
) and

kukH 2+ � (
) � C
 ;� kF kH � 2+ � (
)

� = index of elliptic regularity (multigrid convergence analysis)



Elliptic Regularity

Since @
 is not smooth, the solution of the model problem
has limited regularity even if

F (v) =
Z



f v dx

and f 2 C1 ( �
) .

There exists � 2 (1=2; 1] such that the Shift Theorem holds
for F 2 H � 2+ � (
) , i.e., the solution u of the model problem
belongs to H 2+ � (
) when F 2 H � 2+ � (
) and

kukH 2+ � (
) � C
 ;� kF kH � 2+ � (
)

� = index of elliptic regularity (multigrid convergence analysis)



Elliptic Regularity for Non-smoothDomains

Grisvard

Elliptic Problems in Non Smooth Domains (Pitman, 1985)

Dauge

Elliptic Boundary Value Problems on Corner Domains (Springer-Verlag, 1988)

Nazarov-Plamenevsky

Elliptic Problems in Domains with Piecewise Smooth Boundaries (de Gruyter, 1994)

Bacuta-Bramble-Pasciak

Shift theorems for the biharmonic Dirichlet problem

(Recent Progress in Computational and Applied PDEs, 2002)



FiniteElementMethods

The model problem can be solved by several approaches
within the �nite element framework.



FiniteElementMethods

Conforming Methods (C1 elements)



FiniteElementMethods

Conforming Methods (C1 elements)

- Argyris (TUBA) triangular elements

P5 (21 dof)
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Conforming Methods (C1 elements)

- Argyris (TUBA) triangular elements

- Bogner-Fox-Schmit rectangular elements

Q3 (16 dof)



FiniteElementMethods

Conforming Methods (C1 elements)

- Argyris (TUBA) triangular elements

- Bogner-Fox-Schmit rectangular elements

- Macro elements

C1 piecewise cubic polynomials (12 dof)



FiniteElementMethods

Conforming Methods (C1 elements)

- Argyris (TUBA) triangular elements

- Bogner-Fox-Schmit rectangular elements

- Macro elements

complicated (large number of dof)

more so in 3D
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Classical Nonconforming Methods
(�nite element space 6� H 2(
) )

- Morley element

P2 (6 dof)



FiniteElementMethods
Classical Nonconforming Methods
(�nite element space 6� H 2(
) )

- Morley element

- Incomplete biquadratic element

P2 + hx2y; yx2i (8 dof)



FiniteElementMethods
Classical Nonconforming Methods
(�nite element space 6� H 2(
) )

- Morley element

- Incomplete biquadratic element

takes a lot of ingenuity to construct classical
nonconforming methods that converge

very little is known in 3D for fourth order problems

do not come in a natural hierarchy

only low order elements, not ef�cient for smooth
solutions



FiniteElementMethods

Mixed Methods

- only requires C0 elements
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Mixed Methods

- only requires C0 elements

- extensively studied for the biharmonic problem

Find (! ; u) 2 H 1(
) � H 1
0(
) such that

Z



! � dx �

Z



r � � r u dx = 0 8 � 2 H 1(
)

Z



r ! � r v dx =

Z



f v dx 8 v 2 H 1

0(
)



FiniteElementMethods

Mixed Methods

- only requires C0 elements

- extensively studied for the biharmonic problem

Find (! ; u) 2 H 1(
) � H 1
0(
) such that

Z



! � dx �

Z



r � � r u dx = 0 8 � 2 H 1(
)

Z



r ! � r v dx =

Z



f v dx 8 v 2 H 1

0(
)

This is an ill-posed mixed problem in the sense that the
existence of solution does not follow from the general
saddle point theory (Brezzi-Fortin 1991).



FiniteElementMethods

Mixed Methods

- only requires C0 elements

- extensively studied for the biharmonic problem

not easy to come up with correct mixed formulations
for more complicated fourth order problems

not easy to �nd stable �nite element pairs that satisfy
the Ladyzhenskaya-Babuška-Brezzi inf-sup condition

need to solve a saddle point problem
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The lowest order elements in this family are as simple
as the classical nonconforming �nite elements.

We can compute smooth solutions using higher order
elements in this family which are as ef�cient as higher
order C1 elements and much simpler (in 2D and 3D).

Unlike mixed methods, this approach can be extended
in a straight-forward way to more complicated fourth
order problems (such as the fourth order elliptic
systems that appear in strain-gradient elasticity
problems).

The C0 interior penalty methods belong to the class of
discontinuous Galerkin methods (where the
discontinuity involves the �rst order derivatives).
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Key Observation

The solution u of the continuous problem

a(u; v) =
Z



f v dx 8 v 2 H 2

0(
)

(f 2 L2(
) ) also satis�es , by integration by parts, a
mesh-dependent problem

A h(u; v) =
Z



f v dx 8 v 2 Vh:
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For simplicity, we assume 
 can be triangulated by
rectangles. But the method can be applied to general
domains using triangulations by triangles or convex
quadrilaterals.

Key Observation

The solution u of the continuous problem

a(u; v) =
Z



f v dx 8 v 2 H 2

0(
)

(f 2 L2(
) ) also satis�es , by integration by parts, a
mesh-dependent problem

A h(u; v) =
Z



f v dx 8 v 2 Vh:
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Th = triangulation of 
 by rectangles

Eh = the set of edges of Th

Vh = Qj (j � 2) �nite element space (� H 1
0(
) )

= hxk
1x`

2 : 0 � k; ` � j i
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Th = triangulation of 
 by rectangles

Eh = the set of edges of Th

Vh = Qj (j � 2) �nite element space (� H 1
0(
) )

= hxk
1x`

2 : 0 � k; ` � j i

Vh are standard �nite element spaces for second order
problems consisting of continuous (hence the name C0)
piecewise polynomial functions.

Key Observation

The solution u of the continuous problem

a(u; v) =
Z



f v dx 8 v 2 H 2

0(
)

(f 2 L2(
) ) also satis�es , by integration by parts, a
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Z

R
(� 2u)v dx =

Z

@R

@(� u)
@n

v ds �
Z

@R

� @
@n

r u
�

� r v ds

+
Z

R
D 2u : D 2v dx
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Z

R
(� 2u)v dx =

Z

@R

@(� u)
@n

v ds �
Z

@R

� @
@n

r u
�

� r v ds

+
Z

R
D 2u : D 2v dx

�
Z

R

�
r �(� (x)r u)

�
v dx = �

Z

@R
� (x)

@u
@n

v ds+
Z

R
� (x)r u � r v dx
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Z

R
(� 2u)v dx =

Z

@R

@(� u)
@n

v ds �
Z

@R

� @
@n

r u
�

� r v ds

+
Z

R
D 2u : D 2v dx

�
Z

R

�
r �(� (x)r u)

�
v dx = �

Z

@R
� (x)

@u
@n

v ds+
Z

R
� (x)r u � r v dx

Summing up over all the rectangles R 2 Th,
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Z

R
(� 2u)v dx =

Z

@R

@(� u)
@n

v ds �
Z

@R

� @
@n

r u
�

� r v ds

+
Z

R
D 2u : D 2v dx

�
Z

R

�
r �(� (x)r u)

�
v dx = �

Z

@R
� (x)

@u
@n

v ds+
Z

R
� (x)r u � r v dx

Summing up over all the rectangles R 2 Th,

X

R2T h

Z

@R

@(� u)
@n

v ds = 0
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Z
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Z
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X
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Summary: u satis�es the mesh-dependent variational problem
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A h(w; v) def
= ah(w; v) + bh(w; v) + ch(w; v)
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Discrete Problem

Find uh 2 Vh such that

A h(uh; v) =
Z



f v dx 8 v 2 Vh:

In other words, we use the same equation but look for the
solution from Vh.



C 0 InteriorPenaltyMethods

Discrete Problem

Find uh 2 Vh such that

A h(uh; v) =
Z



f v dx 8 v 2 Vh:

In other words, we use the same equation but look for the
solution from Vh.

Since the solution of the continuous problem also satis�es
the equation, it is a consistent method. In particular,

A h(u; v) =
Z



f v dx = A h(uh; v) 8 v 2 Vh

) A h(u � uh; v) = 0 8 v 2 Vh

Galerkin orthogonality
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Discrete Problem

Find uh 2 Vh such that

A h(uh; v) =
Z



f v dx 8 v 2 Vh:

In other words, we use the same equation but look for the
solution from Vh.

Since the solution of the continuous problem also satis�es
the equation, it is a consistent method.

It is also stable if the penalty parameter is suf�ciently large.
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Stabilityof C0 InteriorPenaltyMethods

Stability involves the boundedness and coercivity of the
bilinear form A h(�; �).

Unlike classical conforming �nite element methods, we
need different norms for boundedness and coercivity.
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Two Mesh-Dependent Norms
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coercivity of A h(�; �)



Boundedness

A h(w; v) � Ckwkhkvkh 8 v; w 2 V + Vh

V � H 2
0(
) = solution space of the model problem for

f 2 L2(
) (� H s (
) for some s 2 (5=2; 3])

Vh � H 1
0(
) = C0 �nite element space

From here on C denotes a generic positive constant that
depends only on the shape regularity of Th and the order
of the tensor product element.
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Cauchy-Schwarz for integrals
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B.-Wang-Zhao

Poincaré-Friedrichs inequalities for piecewise H 2 functions

(Numer. Funct. Anal. Optim., 2004)
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Boundedness
A h (w; v) = ah (w; v) + bh (w; v) + ch (w; v)
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It remains to estimate bh(v; v) from below.
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It follows from the coercivity estimate
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RelationBetweentheTwo Norms

In order to derive error estimates for the C0 interior
penalty method, we also need the relation between
the two mesh-dependent norms in addition to
consistency and stability.
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RelationBetweentheTwo Norms

The two norms k � kh and jjjvjjjh are equivalent on the �nite
element space Vh.



An AbstractErrorEstimate



An AbstractErrorEstimate
Let v 2 Vh be arbitrary.

ku � uhkh � ku � vkh + kv � uhkh

� ku � vkh + Cjjjv � uhjjjh

equivalence of k � kh and jjj � jjjh on Vh
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� ku � vkh + C sup
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A h(v � uh; w)
jjjwjjjh

coercivity of A h(�; �)
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Galerkin orthogonality
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Let v 2 Vh be arbitrary.

ku � uhkh � ku � vkh + kv � uhkh
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� ku � vkh + C sup
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v2 Vh
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Concrete Error Estimate

ku � uhkh � Cku � � hukh

� h : C0( �
) � ! Vh is the nodal interpolation operator.



ErrorEstimates
Abstract Quasi-optimal Error Estimate

ku � uhkh � C inf
v2 Vh

ku � vkh

Concrete Error Estimate

ku � uhkh � Cku � � hukh

� h : C0( �
) � ! Vh is the nodal interpolation operator.

We can then derive error estimates in terms of the mesh
size h using

regularity of the solution u

polynomial approximation theory



ErrorEstimates

Smooth Solution

u 2 H `(
)

Vh = Qj (j � ` � 1) �nite element space (order high enough)

ku � uhkh � Ch`� 2jujH ` (
)

(Engel-Garikipati-Hughes-Larson-Mazzei-Taylor, 2002)

Solution with Minimal Regularity

u 2 H 2+ � (
) (1=2 < � � 1)

Vh = Qj (j � 2) �nite element space

ku � uhkh � Ch� jujH 2+ � (
)

ku � uhkH 2� � (
) � Ch2� jujH 2+ � (
)
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Solution with Minimal Regularity

u 2 H 2+ � (
) (1=2 < � � 1)

Vh = Qj (j � 2) �nite element space

ku � uhkh � Ch� jujH 2+ � (
)

ku � uhkH 2� � (
) � Ch2� jujH 2+ � (
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� = index of elliptic regularity



ErrorEstimates

Solution with Minimal Regularity

u 2 H 2+ � (
) (1=2 < � � 1)

Vh = Qj (j � 2) �nite element space

ku � uhkh � Ch� jujH 2+ � (
)

ku � uhkH 2� � (
) � Ch2� jujH 2+ � (
)

Such estimates are important for the convergence analysis
of multigrid algorithms.



ErrorEstimates

Solution with Minimal Regularity

u 2 H 2+ � (
) (1=2 < � � 1)

Vh = Qj (j � 2) �nite element space

ku � uhkh � Ch� jujH 2+ � (
)

ku � uhkH 2� � (
) � Ch2� jujH 2+ � (
)

B. and L.-Y. Sung
C0 interior penalty methods for fourth order elliptic
boundary value problems on polygonal domains

(J. Sci. Comput., 2005)
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� evaluation of function e evaluation of gradient

" evaluation of normal derivative

evaluation of mixed second order derivative



Post-ProcessingUsingC 1 Relatives

Vh = Q3 tensor product FE space

~Vh = Q5 Bogner-Fox-Schmit FE space

� evaluation of function e evaluation of gradient

" evaluation of normal derivative

evaluation of mixed second order derivative
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Eh : Vh � ! ~Vh � H 2
0(
)

Ehuh is a C1 approximate solution to u generated by
post-processing the approximate solution uh obtained by
the C0 interior penalty method.
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Eh : Vh � ! ~Vh � H 2
0(
)

only need to specify the nodal values of Ehv

Ehuh is a C1 approximate solution to u generated by
post-processing the approximate solution uh obtained by
the C0 interior penalty method.



An EnrichingMap

Eh : Vh � ! ~Vh � H 2
0(
)

�
Ehv

�
(p) = v(p)

Ehuh is a C1 approximate solution to u generated by

post-processing the approximate solution uh obtained by
the C0 interior penalty method.
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Ehuh is a C1 approximate solution to u generated by

post-processing the approximate solution uh obtained by
the C0 interior penalty method.
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�
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Ehuh is a C1 approximate solution to u generated by

post-processing the approximate solution uh obtained by
the C0 interior penalty method.
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Ehuh is a C1 approximate solution to u generated by

post-processing the approximate solution uh obtained by
the C0 interior penalty method.
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Eh : Vh � ! ~Vh � H 2
0(
)

Ehuh is a C1 approximate solution to u generated by
post-processing the approximate solution uh obtained by
the C0 interior penalty method.
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Properties of Eh

kv � EhvkL 2(
) + h2jEhvjH 2(
) � Ch2jjjvjjjh 8 v 2 Vh

discrete estimate

For s > 5=2,

2X

m=0

hm j� � Eh� h� jH m (
) � Chsj� jH s (
) 8 � 2 H s(
)

Bramble-Hilbert lemma



An EnrichingMap

Properties of Eh

kv � EhvkL 2(
) + h2jEhvjH 2(
) � Ch2jjjvjjjh 8 v 2 Vh

discrete estimate

For s > 5=2,

2X

m=0

hm j� � Eh� h� jH m (
) � Chsj� jH s (
) 8 � 2 H s(
)

Bramble-Hilbert lemma

These properties can be used to derive error estimates for
the post-processed solution Ehuu. They are also useful in
the analysis of fast solvers.



ErrorEstimatesfor E hu h

Smooth Solution

u 2 H `(
)

Vh = Qj (j � ` � 1) �nite element space

ku � EhuhkH 2(
) � Ch`� 2jujH ` (
)

(B.-Sung, 2005)
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ErrorEstimatesfor E hu h

Solution with Minimal Regularity

u 2 H 2+ � (
) (1=2 < � � 1)

ku � EhuhkH 2(
) � Ch� jujH 2+ � (
)

ku � EhuhkH 2� � (
) � Ch2� jujH 2+ � (
)

(B.-Sung, 2005)

We can solve the discrete problem from a simple
C0 interior penalty method and then produce a C1

approximate solution by post-processing.

So these methods are relevant for people who prefer
C1 approximations for fourth order problems.



ErrorEstimatesfor E hu h

Solution with Minimal Regularity

u 2 H 2+ � (
) (1=2 < � � 1)

ku � EhuhkH 2(
) � Ch� jujH 2+ � (
)

ku � EhuhkH 2� � (
) � Ch2� jujH 2+ � (
)

(B.-Sung, 2005)

We can solve the discrete problem from a simple
C0 interior penalty method and then produce a C1

approximate solution by post-processing.

The enriching map Eh is also important for the
construction and analysis of multigrid, domain
decomposition and adaptive algorithms for the
C0 interior penalty method.



ErrorEstimatesfor E hu h

Solution with Minimal Regularity

u 2 H 2+ � (
) (1=2 < � � 1)

ku � EhuhkH 2(
) � Ch� jujH 2+ � (
)

ku � EhuhkH 2� � (
) � Ch2� jujH 2+ � (
)

(B.-Sung, 2005)

The C0 interior penalty methods satisfy all the correct
error estimates. But the resulting systems are very
ill-conditioned for small h (because we are solving
fourth order problems). We need ef�cient solvers that
can overcome the ill-conditioning.
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simple �nite element spaces

straight-forward variational formulation

integration by parts, symmetrization, stabilization

can generate C1 approximate solutions by
post-processing
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Summary

C0 interior penalty methods are attractive alternatives
to classical methods for fourth order problems.

Results can be extended to three dimensional C0

interior penalty methods.

C0 interior penalty methods have been applied to
Strain Gradient Elasticity.

Wells-Garikipati-Molari

A discontinuous Galerkin formulation for a strain
gradient-dependent damage model

(Comput. Methods Appl. Mech. Engrg., 2004)



Summary

C0 interior penalty methods are attractive alternatives
to classical methods for fourth order problems.

Results can be extended to three dimensional C0

interior penalty methods.

C0 interior penalty methods have been applied to
Strain Gradient Elasticity.

C0 interior penalty methods have been applied to the
Cahn-Hilliard equation.

Wells-Kuhl-Garikipati

A discontinuous Galerkin method for the Cahn-Hilliard
equation

(J. Comput. Phys., 2006)



Summary

Example of a Cahn-Hilliard equation

@c
@t

= �(	 0(c) � � c) in 
 � (0; T)

@c
@n

=
@� c
@n

= 0 on @
 � (0; T)

c(x; 0) = c0(x) on 



 = unit square constant mobility (= 1)

logarithmic free energy

	( c) = 600
�
cln c + (1 � c) ln(1 � c) + 3c(1 � c)

�



Summary

Example of a Cahn-Hilliard equation

@c
@t

= �(	 0(c) � � c) in 
 � (0; T)

@c
@n

=
@� c
@n

= 0 on @
 � (0; T)

c(x; 0) = c0(x) on 


piecewise constant
initial data c0(x) 0.71

0.69

	( c) = 600
�
cln c + (1 � c) ln(1 � c) + 3c(1 � c)

�



FastSolversfor C0 InteriorPenaltyMethods

Multigrid Methods

A Domain Decomposition Method

An Adaptive Method



Multigrid Methods

Tk = triangulations of 
 , k = 0; 1; 2; : : :,
obtained by regular subdivision

hk = mesh size of Tk (hk = 2hk+ 1)

Vk = Qj FE space associated with Tk

V0 � V1 � � � � Vk � Vk+1 � � � �



Multigrid Methods

k-th Level Discrete Problem

Find uk 2 Vk such that

A k(uk; v) =
Z



f v dx 8 v 2 Vk (f 2 L2(
))

A k(w; v) =
X

R2T k

Z

R

�
D 2w : D 2v + � (x)r w � r v

�
dx

+
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e2Ek
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+
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�
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Multigrid Methods

Discrete Differential Operator Ak : Vk � ! V 0
k

hAkv; wi = A k(v; w) 8 v; w 2 Vk

h�; �i = canonical bilinear form on V 0
k � Vk

The matrix representing Ak with respect to the natural
nodal basis of the �nite element space Vk and the dual
basis of V 0

k is the stiffness matrix, whose condition number
is O(h� 4

k ).
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Discrete Differential Operator Ak : Vk � ! V 0
k

hAkv; wi = A k(v; w) 8 v; w 2 Vk

h�; �i = canonical bilinear form on V 0
k � Vk

k-th Level Discrete Problem

Find uk 2 Vk such that

Akuk = � k

h� k ; vi =
Z



f v dx 8 v 2 Vk
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Multigrid algorithms are iterative methods for the system

(� ) Akz =  

where z 2 Vk and  2 V 0
k .

optimal complexity

performance independent of the number of grid levels

two ingredients in the design of multigrid methods

- intergrid transfer operators (to move functions between grids)

- a good smoothing scheme (to damp out the highly oscillatory
part of the error)



Multigrid Methods

Multigrid algorithms are iterative methods for the system

(� ) Akz =  

where z 2 Vk and  2 V 0
k .

optimal complexity

performance independent of the number of grid levels

two ingredients in the design of multigrid methods

- intergrid transfer operators (to move functions between grids)

- a good smoothing scheme (to damp out the highly oscillatory
part of the error)



Multigrid Methods

Multigrid algorithms are iterative methods for the system

(� ) Akz =  

where z 2 Vk and  2 V 0
k .

optimal complexity

performance independent of the number of grid levels

The system (� ) is very ill-conditioned for large k (small
h) and the convergence of classical iterative methods
become very slow. But mutigrid can overcome the
ill-conditioning of (� ).

two ingredients in the design of multigrid methods

- intergrid transfer operators (to move functions between grids)

- a good smoothing scheme (to damp out the highly oscillatory
part of the error)
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(� ) Akz =  

where z 2 Vk and  2 V 0
k .

optimal complexity

performance independent of the number of grid levels

two ingredients in the design of multigrid methods

- intergrid transfer operators (to move functions between grids)

- a good smoothing scheme (to damp out the highly oscillatory
part of the error)
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k� 1 : Vk� 1 � ! Vk

I k
k� 1 = natural injection



Intergrid TransferOperators

V0 � V1 � � � � Vk� 1 � Vk � � � �

Coarse-to-Fine Operator I k
k� 1 : Vk� 1 � ! Vk

I k
k� 1 = natural injection

Fine-to-Coarse Operator I k� 1
k : V 0

k � ! V 0
k� 1

hI k� 1
k  ; vi = h ; I k

k� 1vi

for all  2 V 0
k and v 2 Vk� 1



A PreconditionedRelaxationfor A kz =  

z` = z` � 1 + ! kB � 1
k ( � Akz` � 1 )

B � 1
k : V 0

k � ! Vk is an SPD operator which is an
approximate inverse of the discrete Laplace operator
Lk : Vk � ! V 0

k de�ned by

hLkv1; v2i =
Z



r v1 � r v2 dx 8 v 2 Vk:

! k = damping factor

Condition Number of B � 1
k Ak

� (B � 1
k Ak) � h� 2

k � (Ak) � h� 4
k
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approximate inverse of the discrete Laplace operator
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k de�ned by
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! k = damping factor

We can take B � 1
k to be a symmetric multigrid Poisson

solve, which can be easily implemented because the �nite
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A PreconditionedRelaxationfor A kz =  

z` = z` � 1 + ! kB � 1
k ( � Akz` � 1 )

B � 1
k : V 0

k � ! Vk is an SPD operator which is an
approximate inverse of the discrete Laplace operator
Lk : Vk � ! V 0

k de�ned by

hLkv1; v2i =
Z



r v1 � r v2 dx 8 v 2 Vk:

! k = damping factor

We can take B � 1
k to be a symmetric multigrid Poisson

solve, which can be easily implemented because the �nite
element spaces in the C0 interior penalty methods are
standard spaces for second order problems. (another
signi�cant advantage of C0 interior penalty methods)

Condition Number of B � 1
k Ak

� (B � 1
k Ak) � h� 2

k � (Ak) � h� 4
k



A PreconditionedRelaxationfor A kz =  

z` = z` � 1 + ! kB � 1
k ( � Akz` � 1 )

B � 1
k : V 0

k � ! Vk is an approximate inverse of the discrete
Laplace operator.

Spectral Radius of B � 1
k Ak

� (B � 1
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Damping Factor
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Laplace operator.
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Multigrid Algorithm for A k z =  

Symmetric Multigrid Algorithms

For k = 0 we use a direct solve.

For k > 0 the algorithm is de�ned recursively in three
steps.
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coarse grid correction
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coarse grid residual equation

Ak� 1e = I k� 1
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with initial guess 0 to obtain the correction ek � 1 2 Vk� 1
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Multigrid Algorithm for A k z =  

V-cycle Algorithm p = 1

W-cycle Algorithm p = 2

F-cycle Algorithm

in the coarse grid correction step apply one iteration of the
(k � 1)-st scheme followed by one iteration of the (k � 1)-st
level V-cycle algorithm

We can understand the names of these algorithms by
looking at their scheduling diagrams.
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Scheduling Diagram of the V-Cycle Algorithm
r = smoothing
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PSfrag replacements

k = 0

k = 1

k = 2

k = 3

Scheduling Diagram of the F -Cycle Algorithm
r = smoothing
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Ek : Vk � ! Vk is the error propagation operator

A Recurrence Relation (V-Cycle and W-Cycle)

Ek = Rm
k (I dk � I k

k� 1Pk� 1
k )Rm

k + Rm
k I k

k� 1Ep
k� 1P

k� 1
k Rm

k



ConvergenceAnalysis

Ek : Vk � ! Vk is the error propagation operator

A Recurrence Relation (V-Cycle and W-Cycle)

Ek = Rm
k (I dk � I k

k� 1Pk� 1
k )Rm

k + Rm
k I k

k� 1Ep
k� 1P

k� 1
k Rm

k

Rk : Vk � ! Vk

Rk = I dk � ! kB � 1
k Ak

Pk� 1
k : Vk � ! Vk� 1

A k� 1(Pk� 1
k v; w) = A k(v; I k

k� 1w)

for all v 2 Vk and w 2 Vk� 1 (analog of Ritz projection)
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We need to understand the operator Rm
k which measures

the effect of the smoothing steps and the operator
I dk � I k

k� 1P
k� 1
k which measures the effect of coarse grid

correction.



ConvergenceAnalysis

Ek : Vk � ! Vk is the error propagation operator

A Recurrence Relation (V-Cycle and W-Cycle)

Ek = Rm
k (I dk � I k

k� 1Pk� 1
k )Rm

k + Rm
k I k

k� 1E
p
k� 1P

k� 1
k Rm

k

We need to understand the operator Rm
k which measures

the effect of the smoothing steps and the operator
I dk � I k

k� 1P
k� 1
k which measures the effect of coarse grid

correction.

NEED: mesh-dependent norms



Mesh-DependentNorms

A Discrete Inner Product

(v1 ; v2 )k = hBkv1 ; v2 i

for all v1 ; v2 2 Vk , where Bk : Vk � ! V 0
k is the SPD operator

that appears in the preconditioned relaxation scheme.
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Mesh-DependentNorms

A Discrete Inner Product

(v1 ; v2 )k = hBkv1 ; v2 i

for all v1 ; v2 2 Vk

Ak = B � 1
k Ak : Vk � ! Vk

(Akv1 ; v2 )k = A k(v1 ; v2 )

Ak is SPD with respect to (�; �)k

Mesh-Dependent Norms

jjjvjjjs;k =
q

(As
kv; v)k 8 v 2 Vk

In particular, jjjvjjj1;k =
p

(Akv; v)k =
p

A k(v; v) is just the
energy norm.
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spectral theorem + exercise in calculus

identical with the smoothing property for second order
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k Ak) � h� 2
k , just like the

condition number for second order problems



SmoothingProperty

jjjRm
k vjjjt;k �

C
(hk

p
m)(t � s)

jjjvjjjs;k

for s < t and v 2 Vk

spectral theorem + exercise in calculus

if we use a smoother without a preconditioner, then

jjjRm
k vjjjt;k �

C
(hk

4
p

m)(s� t )
jjjvjjjs;k

which means that the smoothing steps are much less
effective
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duality argument and elliptic regularity

approximation property is formulated in terms of
mesh-dependent norms and elliptic regularity is
formulated in terms of Sobolev norms

need a relation between the two scales of norms
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� = index of elliptic regularity

jjj(I dk � I k
k� 1Pk� 1

k )vjjj1� �;k � Ch2�
k jjjvjjj1+ �;k 8 v 2 Vk

duality argument and elliptic regularity

approximation property is formulated in terms of
mesh-dependent norms and elliptic regularity is
formulated in terms of Sobolev norms

need a relation between the two scales of norms

(� ) jjjvjjjs;k � kvkH 1+ s (
) for 0 � s < 1=2

enriching map plays a key role in proving (� )



Convergenceof theTwo-GridAlgorithm



Convergenceof theTwo-GridAlgorithm

Ek = Rm
k (I dk � I k

k� 1Pk� 1
k )Rm

k + Rm
k I k

k� 1Ep
k� 1P

k� 1
k Rm

k

recurrence relation for multigrid error propagation
operators on two consecutive levels
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Ek = Rm
k (I dk � I k

k� 1Pk� 1
k )Rm

k + Rm
k I k

k� 1Ep
k� 1P

k� 1
k Rm

k

eEk = Rm
k (I dk � I k

k� 1Pk� 1
k )Rm

k

error propagation operator for the two-grid algorithm
where the coarse grid equation is solved exactly
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The two-grid algorithm is a contraction provided m is
suf�ciently large.

The contraction number decreases at the asymptotic
rate of 1=m� .



Convergenceof theTwo-GridAlgorithm

jjjeEkvjjj1;k �
C

m�
jjjvjjj1;k

The two-grid algorithm is a contraction provided m is
suf�ciently large.

The contraction number decreases at the asymptotic
rate of 1=m� .

To go from the convergence of the two-grid algorithm to
the convergence of multigrid algorithms requires a bit of
theory.
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RemarksonConvergenceAnalysisfor GeometricMultigrid

For simplicity, we consider a simple second order model
problem.

Find u 2 H 1
0(
) such that
Z



r u � r v dx = F (v) 8 v 2 H 1

0(
)

Elliptic Regularity

kukH 1+ � (
) � CkF kH � 1+ � (
)

� = 1 if 
 is convex (full elliptic regularity)

1
2 < � < 1 otherwise (less than full elliptic regularity)
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For simplicity, we consider a simple second order model
problem.

Find u 2 H 1
0(
) such that
Z



r u � r v dx = F (v) 8 v 2 H 1

0(
)

Elliptic Regularity

kukH 1+ � (
) � CkF kH � 1+ � (
)

The model problem is discretized by a conforming �nite
element method.
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Convergence of W-cycle Algorithm

Ek = Rm
k (I dk � I k

k� 1Pk� 1
k )Rm

k + Rm
k I k

k� 1E2
k� 1P

k� 1
k Rm

k

recurrence relation for W -cycle algorithm
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Convergence of W-cycle Algorithm

Ek = Rm
k (I dk � I k

k� 1P
k� 1
k )Rm

k| {z }
two-grid error propagation operator

+ Rm
k I k

k� 1E2
k� 1P

k� 1
k Rm

k| {z }
small perturbation
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Convergence of W-cycle Algorithm

Ek = Rm
k (I dk � I k

k� 1P
k� 1
k )Rm

k| {z }
two-grid error propagation operator

+ Rm
k I k

k� 1E2
k� 1P

k� 1
k Rm

k| {z }
small perturbation

Convergence of W-cycle algorithm therefore follows
from the convergence of the two-grid algorithm and
a perturbation argument.
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Convergence of W-cycle Algorithm

Bank and Dupont

An optimal order process for solving �nite element
equations

(Math. Comp., 1981)
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Convergence of W-cycle Algorithm

Bank and Dupont

An optimal order process for solving �nite element
equations

(Math. Comp., 1981)

Nonconforming Finite Elements

B.

Convergence of nonconforming multigrid methods without
full elliptic regularity

(Math. Comp., 1999)
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Convergence of V-cycle Algorithm

� = 1 (full elliptic regularity, convex domains)

Braess and Hackbusch (1983)

There exists a positive constant C, independent of the
number of grid levels and the number of smoothing steps,
such that


 k;m �
C

C + m


 k;m = energy norm of the error propagation operator of
the k-th level V-cycle algorithm with m pre- and
m post- smoothing steps
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Convergence of V-cycle Algorithm

� = 1 (full elliptic regularity, convex domains)

Braess and Hackbusch (1983)

There exists a positive constant C, independent of the
number of grid levels and the number of smoothing steps,
such that


 k;m �
C

C + m

The V-cycle multigrid algorithm is a contraction for
even one pre-smoothing and one post-smoothing step.

The contraction number decreases as the number of
smoothing steps increases.
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� < 1 Multiplicative Theory

Xu (92), Zhang (92), Bramble and Pasciak (93)

There exists a positive constant � < 1, independent of the
number of grid levels and the number of smoothing steps,
such that


 k;m � � :


 k;m = energy norm of the error propagation operator of
the k-th level V-cycle algorithm with m pre- and
m post- smoothing steps
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� < 1 Multiplicative Theory

Xu (92), Zhang (92), Bramble and Pasciak (93)

There exists a positive constant � < 1, independent of the
number of grid levels and the number of smoothing steps,
such that


 k;m � � :

V -cycle algorithm is a contraction with one
pre-smoothing and one post-smoothing step.
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� < 1 Multiplicative Theory

Xu (92), Zhang (92), Bramble and Pasciak (93)

There exists a positive constant � < 1, independent of the
number of grid levels and the number of smoothing steps,
such that


 k;m � � :

V -cycle algorithm is a contraction with one
pre-smoothing and one post-smoothing step.

There is no information on the behavior of the
contraction number as the number of smoothing
steps increases.
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� < 1 Multiplicative Theory

Xu (92), Zhang (92), Bramble and Pasciak (93)

There exists a positive constant � < 1, independent of the
number of grid levels and the number of smoothing steps,
such that


 k;m � � :

Braess-Hackbusch (� = 1)


 k;m �
C

C + m
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Missing piece: Additive Theory

B.

Convergence of the multigrid V-cycle algorithm for
second order boundary value problems without full
elliptic regularity

(Math. Comp., 2002)

There exists a positive constant C, independent of the
number of grid levels and the number of smoothing steps,
such that


 k;m �
C

C + m�
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Missing piece: Additive Theory

There exists a positive constant C, independent of the
number of grid levels and the number of smoothing steps,
such that


 k;m �
C

C + m�


 k;m = energy norm of the error propagation operator of
the k-th level V-cycle algorithm with m pre- and
m post- smoothing steps
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Missing piece: Additive Theory

There exists a positive constant C, independent of the
number of grid levels and the number of smoothing steps,
such that


 k;m �
C

C + m�

Braess-Hackbusch (� = 1)


 k;m �
C

C + m



RemarksonConvergenceAnalysisfor GeometricMultigrid

What is the difference between the multiplicative theory
and the additive theory?
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Multiplicative Theory

Recurrence relation of the error propagation operators
of V-cycle algorithm with only post-smoothing on two
consecutive levels.

Ek = Rm
k (I dk � Pk� 1 + Ek� 1Pk� 1)

Ek is the k-th level error propagation operator.
Rk measures the effect of one smoothing step.
Pk is the Ritz projection operator on Vk.
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Multiplicative Theory

Recurrence relation of the error propagation operators
of V-cycle algorithm with only post-smoothing on two
consecutive levels.

Ek = Rm
k (I dk � Pk� 1 + Ek� 1Pk� 1)

Ek is the k-th level error propagation operator.
Rk measures the effect of one smoothing step.
Pk is the Ritz projection operator on Vk.

Multiplicative Expression for Ek

Ek = (I dk � Tk) � � � (I dk � T1)( I dk � T0)

Tj = (I dj � Rm
j )Pj ; 1 � j � k

T0 = P0
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Additive Theory

Recurrence relation of the error propagation operators
of V-cycle algorithm with only post-smoothing on two
consecutive levels.

Ek = Rm
k (I dk � Pk� 1 + Ek� 1Pk� 1)

Ek is the k-th level error propagation operator.
Rk measures the effect of one smoothing step.
Pk is the Ritz projection operator on Vk.
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Additive Expression for Ek

Ekv =
kX

j =1

Rm
k Rm

k� 1 � � � Rm
j (Pj � Pj � 1)v
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Additive Expression for Ek

Ekv = Rm
k (I dk � Pk� 1 + Ek� 1Pk� 1)v
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k Ek� 1Pk� 1v
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k (I dk � Pk� 1)v + Rm

k
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Rm
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k� 1Ek� 2Pk� 2
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k Rm

k� 1 � � � Rm
j (Pj � Pj � 1)v
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Additive Expression for Ek
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Multiplicative theory is effective for proving the
convergence of V-cycle algorithms for arbitrary
number of smoothing steps.

Additive theory is effective for establishing the
asymptotic behavior of the contraction number
with respect to the number of smoothing steps.

Multiplicative theory is not applicable to general
nonconforming methods.

Additive theory can be applied to general
nonconforming methods.

B.

Convergence of nonconforming V-cycle and F -cycle
multigrid algorithms for second order elliptic boundary
value problems

(Math. Comp., 2004)
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Multiplicative theory is effective for proving the
convergence of V-cycle algorithms for arbitrary
number of smoothing steps.

Additive theory is effective for establishing the
asymptotic behavior of the contraction number
with respect to the number of smoothing steps.

Multiplicative theory is not applicable to general
nonconforming methods.

Additive theory can be applied to general
nonconforming methods.

This is the right tool for C0 interior penalty methods,
which are nonconforming.



MG ConvergenceResultsfor C0 IP Methods

Theorem
Let 
 k;m be the contraction number of the k-th level
multigrid V-cycle, F -cycle or W-cycle algorithm with
m pre-smoothing and m post-smoothing steps. Then


 k;m � Cm� �

provided
m � m�

for a suf�ciently large m� that is also independent of k.

B. and Li-yeng Sung

Multigrid algorithms for C0 interior penalty methods

(SIAM J. Numer. Anal., 2006)



MG ConvergenceResultsfor C0 IP Methods

Theorem
Let 
 k;m be the contraction number of the k-th level
multigrid V-cycle, F -cycle or W-cycle algorithm with
m pre-smoothing and m post-smoothing steps. Then


 k;m � Cm� �

provided
m � m�

for a suf�ciently large m� that is also independent of k.

W-cycle: Bank-Dupont 1981, B. 1999

V-cycle, F -cycle: B. 2004 (additive multigrid theory)



MG ConvergenceResultsfor C0 IP Methods

Theorem
Let 
 k;m be the contraction number of the k-th level
multigrid V-cycle, F -cycle or W-cycle algorithm with
m pre-smoothing and m post-smoothing steps. Then


 k;m � Cm� �

provided
m � m�

for a suf�ciently large m� that is also independent of k.

Without the Preconditioner


 k ;m � Cm� �= 2

The effect of 100 smoothing steps without the
preconditioner is (roughly) equivalent to the effect
of 10 smoothing steps with the preconditioner.



NumericalResults

k = 2k = 1k = 0

� = 0 � = 5

Vk(� H 1
0(
)) = Q2 �nite element space

nk = dim(Vk) = (2k+1 � 1)2

� (Ak) � h� 4
k

n0 = 1 � 0 = 1:0 � 100

n1 = 9 � 1 = 4:0 � 101

n2 = 49 � 2 = 1:6 � 103

n3 = 225 � 3 = 2:9 � 104

n4 = 961 � 4 = 4:8 � 105

n5 = 3969 � 5 = 7:8 � 106

n6 = 16129 � 6 = 1:3 � 108

n7 = 65025 � 7 = 2:0 � 109
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behave similarly. Therefore the F -cycle is an
attractive algorithm for nonconforming methods. It is
more robust than the V-cycle and behaves almost as
well as the W-cycle, but is cheaper.



ContractionNumbersin theEnergy Norm

When F -cycle and W-cycle both converge, they
behave similarly. Therefore the F -cycle is an
attractive algorithm for nonconforming methods. It is
more robust than the V-cycle and behaves almost as
well as the W-cycle, but is cheaper.

In fact the F -cycle algorithm for nonconforming �nite
element methods is used extensively in the CFD codes
of Rannacher and Turek. But for a long time there was
no convergence proof for such algorithms, because
such proofs require the analysis of the V-cycle
algorithm for nonconforming �nite elements. Now their
convergence can be established using the additive
multigrid theory.
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OverlappingDomainDecomposition

Th TH 
 j

given a triangulation Th

create a coarse grid TH

enlarge the subdomains of the coarse grid to construct
an overlapping domain decomposition



OverlappingDomainDecomposition

Th TH 
 j

Vh � H 1
0(
) = Qk (k � 2) �nite element space

associated with Th

VH � H 1
0(
) = Q1/Q2 �nite element space

associated with TH

Vj � H 1
0(
 j ) = Qk (k � 2) �nite element space

associated with Th (1 � j � J )



OverlappingDomainDecomposition

Ah : Vh � ! V 0
h

hAhv1; v2i = A h(v1; v2) 8 v1; v2 2 Vh

A h(w; v) =
X

R2T h

Z

R

�
D 2w : D 2v + � (x)r w � r v

�
dx

+
X

e2Eh

Z

e

�nn @2w
@n2

oohh@v
@n

ii
+

nn @2v
@n2

oohh@w
@n

ii�
ds

+
X

e2Eh

�
jej

Z

e

hh@w
@n

ii hh@v
@n

ii
ds

Ah is the SPD operator to be preconditioned.
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A0 : VH � ! V 0
H

hA0v1; v2i = A H (v1; v2) 8 v1; v2 2 VH

A H (w; v) =
X

R2T H

Z

R

�
D 2w : D 2v + � (x)r w � r v

�
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+
X

e2EH
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I 0 : VH � ! Vh

I 0 = � h � EH

where EH : VH � ! H 2
0(
) is the enriching operator from

VH to a Bogner-Fox-Schmit space associated with TH and
� h : H 2

0(
) � ! Vh is the nodal interpolation operator.
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Ingredientsof thePreconditioner

A0 : VH � ! V 0
H

hA0v1; v2i = A H (v1; v2) 8 v1; v2 2 VH

I 0 : VH � ! Vh

I 0 = � h � EH

where EH : VH � ! H 2
0(
) is the enriching operator from

VH to a Bogner-Fox-Schmit space associated with TH and
� h : H 2

0(
) � ! Vh is the nodal interpolation operator.

Remark The correct choice of the connection operator I 0

is crucial for the good performance of the preconditioner.
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Aj : Vj � ! V 0
j

hAj v1; v2i = A j (v1; v2) 8 v1; v2 2 Vj

A j (w; v) =
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R2T h

R� 
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Ingredientsof thePreconditioner

Aj : Vj � ! V 0
j

hAj v1; v2i = A j (v1; v2) 8 v1; v2 2 Vj

I j : Vj � ! Vh

I j = natural injection



Two-Level AdditiveSchwarzPreconditioner
BTL : V 0

h � ! Vh

BTL =
JX

j =0

I j A� 1
j I t

j

Dryja-Widlund (1987)

hI t
j � ; vj i = h� ; I j vj i 8 � 2 V 0; vj 2 Vj

Condition Number Estimate

� (BTL Ah) =
� max(BTL Ah)
� min (BTL Ah)

� C
�

1 +
H
�

� 3

where � measures the overlap among the subdomains and
the positive constant C is independent of h, H and J .

� (Ah) � h� 4

optimal preconditioner if H=� is bounded (generous
overlap)
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h � ! Vh

BTL =
JX

j =0

I j A� 1
j I t

j

Ideas

Instead of solving the whole problem, we solve smaller
problems on subdomains.

The coarse grid provides global communication among
the subdomains so that this is a scalable algorithm.

We can replace the exact solves A� 1
j by inexact solves

(using for example multigrid algorithms) as long as
they are spectrally equivalent.

The subdomain solves and the coarse grid solve can
be carried out in parallel.

Condition Number Estimate
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Two-Level AdditiveSchwarzPreconditioner
BTL : V 0

h � ! Vh

BTL =
JX

j =0

I j A� 1
j I t

j

Condition Number Estimate

� (BTL Ah) =
� max(BTL Ah)
� min (BTL Ah)

� C
�

1 +
H
�

� 3

where � measures the overlap among the subdomains and
the positive constant C is independent of h, H and J .

B. and Kening Wang

Two-level additive Schwarz preconditioners for C0 interior
penalty methods

(Numer. Math., 2005)

� (Ah) � h� 4

optimal preconditioner if H=� is bounded (generous
overlap)
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BTL : V 0

h � ! Vh

BTL =
JX

j =0

I j A� 1
j I t

j

Condition Number Estimate

� (BTL Ah) =
� max(BTL Ah)
� min (BTL Ah)

� C
�

1 +
H
�

� 3

where � measures the overlap among the subdomains and
the positive constant C is independent of h, H and J .

� (Ah) � h� 4

optimal preconditioner if H=� is bounded (generous
overlap)



ConditionNumberEstimates

characterization of � max(BTL Ah)

� max(BTL Ah) = max
v2 Vh

hAhv; vi

min
v=

P J
j =0 I j vj

vj 2 Vj

JX

j =0

hAj vj ; vj i

characterization of � min (BTL Ah)

� min (BTL Ah) = min
v2 Vh

hAhv; vi

min
v=

P J
j =0 I j vj

vj 2 Vj

JX

j =0

hAj vj ; vj i
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norm equivalence

hAhv; vi = A h(v; v) � jjjvjjj2h

=
X

R2T k

jvj2H 2(R) +
X

e2Eh

�
jej

Z

e
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ii 2
ds



ConditionNumberEstimates

norm equivalence

hAhv; vi = A h(v; v) �
X

R2T k

jvj2H 2(R) +
X

e2Eh

�
jej

Z

e

hh@v
@n

ii 2
ds

The term
P

R2T k
jvj2H 2(R) also appears in classical

nonconforming methods for fourth order problems.

B.

Two-level additive Schwarz preconditioners for
nonconforming �nite element methods

(Math. Comp., 1996)
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ConditionNumberEstimates

norm equivalence

hAhv; vi = A h(v; v) �
X

R2T k

jvj2H 2(R) +
X

e2Eh

�
jej

Z

e

hh@v
@n

ii 2
ds

novelty is in controlling
X

e2Eh

�
jej

Z

e

hh@v
@n

ii 2
ds

The magnitudes of the scaling factor 1=jej are different
for the �ne and coarse meshes. If we just use the
natural injection as I 0, the condition number will
depend adversely on the ratio between the mesh sizes.



ConditionNumberEstimates

norm equivalence

hAhv; vi = A h(v; v) �
X

R2T k

jvj2H 2(R) +
X

e2Eh

�
jej

Z

e

hh@v
@n

ii 2
ds

novelty is in controlling
X

e2Eh

�
jej

Z

e

hh@v
@n

ii 2
ds

enriching operator plays a key role in I 0 = � h � EH

because functions in the Bogner-Fox-Schmit spaces
are C1 functions and the term involving the jumps of
the normal derivatives disappears.
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 = unit square, Vh = Q2 �nite element space

Number of PCG iterations needed for reducing the error
(in the energy norm) by a factor of 10� 6
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An AdaptiveAlgorithm

B., Thirupathi Gudi and Li-yeng Sung

An a posteriori error estimator for a quadratic C0 interior
penalty method for the biharmonic problem

(preprint, 2007)



An AdaptiveAlgorithm

Consider for simplicity the quadratic C0 interior penalty
method for the biharmonic problem.



An AdaptiveAlgorithm

Let Th be a simplicial triangulation of 
 and Vh � H 1
0(
) be

the Lagrange P2 �nite element space associated with Th.

Find uh 2 Vh such that

A h(uh; vh) = (f ; vh) 8vh 2 Vh

where

A h(wh; vh) =
X

T 2T h

Z

T
D 2wh : D 2vh dx

+
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e2Eh

Z

e
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@n2

oohh@vh
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ii
ds+
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e2Eh
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e
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ii
ds

+
X

e2Eh

�
jej
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e
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iihh@vh
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ii
ds



An AdaptiveAlgorithm

The key is to have a reliable and ef�cient
a posteriori error estimator.



An AdaptiveAlgorithm

A simple residual based reliable and ef�cient error
estimator � h.

� 2
h =

X

T 2T h

� 2
T +

X

e2Eh

� 2
e;1 +

X

e2E i
h

� 2
e;2

Ei
h = the set of interior edges
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T kf kL 2(T ) (residual associated with a triangle)



An AdaptiveAlgorithm

A simple residual based reliable and ef�cient error
estimator � h.

� 2
h =

X

T 2T h

� 2
T +

X

e2Eh

� 2
e;1 +

X

e2E i
h

� 2
e;2

Ei
h = the set of interior edges

� T = h2
T kf kL 2(T )

� e;1 =
�

jej1=2
k[[@uh=@n]]kL 2(e) (residual associated with the jump of the

normal derivative across an edge)



An AdaptiveAlgorithm

A simple residual based reliable and ef�cient error
estimator � h.

� 2
h =

X

T 2T h

� 2
T +

X

e2Eh

� 2
e;1 +

X

e2E i
h

� 2
e;2

Ei
h = the set of interior edges

� T = h2
T kf kL 2(T )

� e;1 =
�

jej1=2
k[[@uh=@n]]kL 2(e)

� e;2 = jej1=2k[[@2uh=@n2]]kL 2(e) (residual associated with the jump of the
2nd normal derivative across an edge)



An AdaptiveAlgorithm

Reliable (actual error bounded by error estimator)

jjju � uhjjjh � C� h

where

jjjvjjj2h =
X

T 2T h

jvj2H 2(T ) +
X

e2Eh

�
jej

k[[@v=@n]]k2
L 2(e)

and the positive constant C depends only on the shape
regularity of Th.
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Reliable
jjju � uhjjjh � C� h

jjjvjjj2h =
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L 2(e) =
P

e2Eh

�
jej k[[@uh=@n]]k2

L 2(e)
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P

e2Eh
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e;1

� e;1 =
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jej1=2
k[[@uh=@n]]kL 2(e)
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Eh = enriching operator
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An AdaptiveAlgorithm

Reliable
jjju � uhjjjh � C� h

jjjvjjj2h =
P

T 2T h
jvj2H 2(T ) +

P
e2Eh

�
jej k[[@v=@n]]k2
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0 (
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� e;2 = jej1=2k[[@2uh =@n2]]kL 2 ( e)



An AdaptiveAlgorithm

Ef�cient (error estimator bounded by actual error + data oscillation)

� h � C
�

� jjju � uhjjj2h +
X

T 2T h

h4
T kf � �f k2

L 2(T )

� 1=2

where
�f
�
�
T

=
1

jTj

Z

T
f dx 8 T 2 Th

X

T 2T h

h4
T kf � �f k2

L 2(T ) represents the oscillation of f and is a

higher order term for smooth f .
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Ef�cient

� h � C
�

� jjju � uhjjj2h +
X

T 2T h

h4
T kf � �f k2

L 2(T )

� 1=2

where
�f
�
�
T

=
1

jTj

Z

T
f dx 8 T 2 Th

proved by usual bubble function techniques

Verfürth

A Review of A Posteriori Error Estimation and Adaptive
Mesh-Re�nement Techniques

(Wiley-Teubner, 1995)



NumericalResults
We have implemented an adaptive algorithm

Solve: compute uh

Estimate: compute � h

Mark: mark the triangles to be re�ned

Re�ne

using the error estimator � h and the bulk marking strategy
of Dör�er , and tested it on an L-shaped domain using an
exact solution with the correct singularity.

bulk marking strategy

| choose a number � between 0 and 1

| mark enough triangles so that the residuals associated
with them and their edges add up to more than � � h



NumericalResults

10
3

10
4

10
5

10
0

10
1

Degrees of Freedom

E
rr

or
 a

nd
 E

st
im

at
or

 

 

Error 
Estimator 



NumericalResults

10
3

10
4

10
5

10
0

10
1

Degrees of Freedom

E
rr

or
 a

nd
 E

st
im

at
or

 

 

Error on Uniform Mesh
Error on Adaptive Mesh



Summary



Summary

Since C0 interior penalty methods use standard �nite
element spaces for second order problem, there are
natural preconditioners based on Poisson solves. The
preconditioned systems behave like second order
problems.



Summary

Since C0 interior penalty methods use standard �nite
element spaces for second order problem, there are
natural preconditioners based on Poisson solves. The
preconditioned systems behave like second order
problems.

Multigrid and domain decomposition algorithms can be
extended to C0 interior penalty methods with good
performance.



Summary

Since C0 interior penalty methods use standard �nite
element spaces for second order problem, there are
natural preconditioners based on Poisson solves. The
preconditioned systems behave like second order
problems.

Multigrid and domain decomposition algorithms can be
extended to C0 interior penalty methods with good
performance.

Simple a posteriori error estimators are available.



Summary

Since C0 interior penalty methods use standard �nite
element spaces for second order problem, there are
natural preconditioners based on Poisson solves. The
preconditioned systems behave like second order
problems.

Multigrid and domain decomposition algorithms can be
extended to C0 interior penalty methods with good
performance.

Simple a posteriori error estimators are available.

The enriching operator plays an important role in the
construction and analysis of these fast solvers.



Summary

Since C0 interior penalty methods use standard �nite
element spaces for second order problem, there are
natural preconditioners based on Poisson solves. The
preconditioned systems behave like second order
problems.

Multigrid and domain decomposition algorithms can be
extended to C0 interior penalty methods with good
performance.

Simple a posteriori error estimators are available.

The enriching operator plays an important role in the
construction and analysis of these fast solvers.

Other domain decomposition algorithms (BPS, N-N,
FETI-DP, BDDC, ...) can also be extended to C0

interior penalty methods.
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Summary

Convergence analysis of the adaptive algorithm
remains open.

Conforming Finite Elements

Morin, Nochetto and Siebert

Convergence of adaptive �nite element methods

(SIAM Review, 2002)

Cason, Kreuzer, Nochetto and Siebert

Quasi-optimal convergence rate for an adaptive �nite
element method

(preprint, 2007)
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